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Abstract-The response of an elastic medium to torsional line loads applied on the surface of a
cylindrical cavity, and having a harmonic time-dependence, is studied. Integral representations of
the stress and displacement fields are obtained and numerical results along a radial line emanating
from the point of load applications and along the bore surface, are presented. The dynamic effect
is represented by dynamic amplification factors and it is shown that, compared to the static case,
the resulting outward radiating waves increase the effective radial penetration of the response.

I. INTRODUCTION

The application of tractions on the surface of a cylindrical cavity has been studied by several
authors [1-6]. Westergaard [I] and later Tranter [2], studied the effect of static radial pressure
loadings applied over a finite segment of a bore. Jordan [3] investigated the corresponding
dynamic problem in 1962. The effect of a moving pressure line load was given by the author
in [4] and later the corresponding problem for a torsional line load was studied in [5]. The
response due to the application of static radial pressure and torsional line loads has recently
been given in [6].

In the present investigation, we consider the steady-state problem of the effect of a
torsional line load, with a harmonic time dependency, applied on the surface ofa bore. This
problem is of interest, e.g. in determining the displacements and stresses when a cylindrical
inclusion with a tight fit is inserted in a medium by a twisting motion, resulting in a torsional
frictional force at the interface. The results obtained can then be used as the Green's
functions to determine the more complex displacement and stress patterns by superposition.

Numerical results are presented for the displacements and stress components along a
radial line emanating from the point of load application and along the bore surface. The
dynamic effect, as measured by dynamic amplification factors is studied and it is observed
that greater radial penetration occurs, as compared to the static case, due to the radiation
of outgoing S-waves in the medium. The solution to the present problem is also seen to
degenerate to the static solution as the forcing frequency approaches zero.

2. GENERAL FORMULATION

Consider a cylindrical bore of radius r = a in a linear elastic isotropic medium referred
to a fixed non-dimensional coordinate system (p = ria, 8, e= zla) whose origin lies on the
axis of the bore. A torsional line load, harmonic in time, with frequency (J) = 21tj, is applied
uniformly along the circle at z = 0 (Fig. I). The stresses on the boundary p = I are then
given as

where (j (e) is the Dirac-delta function.

(1" =0, (I)

tThis work was initiated while the author was on leave at Laboratoire de Mecanique des Solides Ecole
Polytechnique, Palaiseau, France, during 1980-1981. '
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Fig, 1. Geometry of problem,

u(p, e,~, I);;: wi<, + vke + uk. (2)

must satisfy the equation of motion for the elastic medium,

where J.l and Aare the Lame constants, PD is the mass density and where

(3)

(4)

For the axisymmetric case considered, solutions satisfying eqn (3) and the boundary
conditions are

v = v(P. e. I),

Equation (3) then reduces to the scalar equation

u = w =0. (5)

where

is the propagation velocity of shear waves in the medium.

(6)

(7)
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Defining a non-dimensional time

T =Cstla, (8)

the displacement v = v(p, e, t') must satisfy eqn (6) which, written explicitly, becomes

The corresponding boundary conditions are then

(9)

(J" = (Jr: =0; p = I (10)

where

0= waIC•.

The stresses, obtained from the stress-strain relations

q =~ {l V . iiI + Jl[Vii + iiV]}
a

become

(J~=;(: -~)

Jl ov
(18 =-

Z aoe

(II)

(12)

(13a)

(13b)

(14)

The last two conditions of eqn (10) are identically satisfied while the remaining
boundary condition is expressed as

oV _!:.I =~o(e)e-iOt.
op Pp_1 Jl

3. GENERAL SOLUTION

Using the integral representation for the Dirac-delta function [7]

1 fOOo(e) = - coue da,
11: 0

the boundary condition, eqn (14), becomes

(15)

(16)Ov _!:./ =!... roo COSlXe doc e-Q<
op P p_1 1I:Jl Jo

Steady state solutions of the equation of motion, compatible with the condition of eqn
(16) have the form

(17)
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Substituting in eqn (9) yields

where
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(18)

(19)

Wave solutions of eqn (18) for outward propagating waves are

where Hn(l) is the Hankel function of order n.
Thus, since all solutions of the form

(20)

satisfy eqn (9), (where C(a) denotes that the constant depends on the parameter ~), the
general solution is given by

(21 )

Substituting in eqn (16), and using the standard expressions for the derivatives of Hnl ' )and
the appropriate recursion relations[8], yields the constant

(22)

and hence the displacement becomes

(23)

It should now be noted that {J, as defined by eqn (19) is real for a < n, while for a > n,
{J becomes imaginary. Noting that for a > n, the Hankel function is of an imaginary
argument, it becomes appropriate to subdivide the range of integration into regions ~ < n
and IX > n. This will be particularly useful in interpreting the subsequent results.

To this end, we reca~..the relation[8]

Defining the non-dimensional parameter

t] = a/n,

eqn (23) is written finally as

(24)

(25)

where now

(27a, b)
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It is observed that white the first integral represents, in general, a complex quantity,
the latter will always be real. Equation (13) yields the following expressions for the stress
components:

The formal solution to the problem is expressed by the integral representations of eqns
(26) and (28). These integrals will be integrated numerically since any attempt to integrate
in the complex plane using residue theory would, in any case, lead to a numerical
integration of the resulting branch integrals which arc due to the multi-valued character
of the Hankel functions. However specl<.ll care must be given to the point '1 = 1 since it
is observed here that fi-+O, y-+O and that lim K.(x)-+oo and lim H.(x)-+ioo.

x-o x-o
Noting that for Ixl ~ 1[8],

(29a, b)

it follows that

(30a, b)

Identical results are obtained for equivalent ratios of the Hankel functions H.(!) as
'1-+ I. Thus all the integrands appearing in eqns (26) and (28) are continuous and bounded
in 0 < '1 < 00.

Convergence of the integrals as '1-+ 00 and the method of integration are discussed in
the Appendix.

It is of interest to note that, using eqns (23) and eqns (13) and the relations of eqn (24),
the solution degenerates to the static response as n-+o:

(3Ia)

(31 b)

(3Ic)

These expressions are seen to be identical to those given in [6].

4. NUMERICAL RESULTS

Numerical results for the displacements and stresses are obtained from eqns (26) and
(28) respectively using the scheme as described in the Appendix. It is noted however, that
the first right-hand integrals containing the H. functions which appear in these equations
are complex quantities white the remaining integrals containing the K. functions, are real.
Consequently, the displacement and stress components have the form:

jJ.v/P = [A + iB] e-&lr, (32a, b)

where A, B, Cij and Dij are real numbers dependent on p, ~ and n.
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Significant results for this steady state solution are therefore given in terms of the
amplitudes Jllvl/p and aIO'iA/P.

Numerical results for the displacement amplitudes Ivl and the non vanishing stress
component 10'1'61 along the radial line ~ ::;:: 0 are presented in Figs. 2 and 3 as a function
of the radial distance p for a relatively low value ofn, n = 2, and for a large value, n = 10.
(Results were obtained, using the scheme described in the Appendix, to 3 place accuracy
for p > 1.1. For points p < 1.1 in the vicinity of the load, results of lesser accuracy were
obtained, and the curves are therefore shown as broken lines.) The displacements and
stresses are observed, as expected, to be very large in the neighbourhood of the applied
load and to decay rapidly with increasing p. It is of interest to note that v is larger for
the smaller value of 0 while the opposite is true for the stress component O'rlJ. This feature
is explained below.

The displacement along the bore surface, as a function of ~ is shown in Fig. 4, where,
again, the displacement is seen to decay monotonically with the distance from the point
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Fig. 2. Radial distribution of displacement Ivl.
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Fig. 3. Radial distribution of stress 10-,,1.
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of load application.t The non-vanishing stress component IO',.! displays a similar behavior
and consequently the results are not repeated here. It is interesting to note, however, that
while the decay with ~ is more rapid for larger frequencies in the region of the load, far
away, i.e. for e> 2, these frequencies produce larger displacements.

A point of major interest is to compare the dynamic behavior with the corresponding
static-behavior as given in [6]. The spatial distribution is observed to be roughly the same
with a sharp monotonic decay with the distance away from the point of load application.
However, quantitatively, we may examine the ratio of the dynamic to static response,
IVDlv.l, for the displacement and 100If,DIO'rlI..1 for the stress-component along the radial line
e=0, i.e. the effective dynamic amplication factors. (The static quantities Vsand O'rlI.s are
obtained from [6].)

In Fig. 5, IVDlvsl is presented as a function of the non-dimensional frequency n for three
values of p: p = 1.5, 2.0 and 3.0. It is observed that the ratios start at n =0 from unity,
reach a peak in the vicinity of n - 2, and decrease with increasing values of n. The
amplification factors are observed to increase with larger values of p; thus the effective
penetration of the response is amplified greatly due the the application of harmonic forces.

tResults along the bore surface were calculated for p = 1+£, (£ <C I), rather then for p = I due the
convergence problems when p = I. (Such problems oceur, as may be seen from eqns (ASb) and (A8), since II =0
when p = I.) Results were obtained for increasingly small values of £ and were seen to converge.
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Fig. 6. Dynamic stress amplification factors.

The amplification factors, lari/.D!arfl.sl, are shown in Fig. 6 for the same values of p. Here
we observe that these factors do not reach a peak but instead increase monotonically with
n. Again the dynamic effect is greatest for increasing p. From the results of Fig. 6, we may
now reexamine results for Figs. 2 and 3 and understand why the effects due to 0 = 2 and
n = 10 are inverted. Clearly, for the stresses, relatively large values of0 will produce higher
stresses while greater displacements will occur at frequencies in the neighborhood of the
peak of Fig. 5.

5. DISCUSSION AND CONCLUSION

The spatial distributions of the displacement and stress components due to the
application of time-harmonic tractions do not differ in form with those of the correspond
ing static case: amplitudes of large magnitude occur near the point of load application and
decay monotonically with the distance from the load.

Of particular interest in the results given above and which merits explanation, is the
fact that the dynamic effect as represented by the amplification factors, becomes stronger
with larger values of p; i.e. the dynamic effect causes the significant radial penetration of
the response to increase. To exaplain this requires a closer ex.amination of the relevant
equations; in order to arrive at a physical interpretation of the results it is in fact necessary
to consider the propagation of waves in the medium.

From eqn (26), we observe thatthe expression for the displacement can be written as:

where F and G represent symbolically the given functions of H. and Kn respectively and
where f3 and yare real.

First, we note that the terms cos a:~ e i
-

Ch represent the propagation of waves of
wavelength

;. = 2n:a!a: (34)

which propagate in the z-direction with an apparent (phase) velocity C: = fi. (where f is
the forcing frequency).
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The integrals can then, as far as the z-direction is concerned, be considered as the sum
of wave contributions of varying wave lengths from A= 00 (!X =0) to A=0 (IX-+oo).t We
examine each integral in turn.

In the first integral, ex < n. Using the definition given by eqn (II), this implies that
C.tC. > 1. Thus the first integral represents waves of wavelength A. > C.1fwhich propagate
with velocity C. > C. in the z-direction. Expressing the Hn(') functions appearing in the first
integral by the first term of the asymptotic expansion[8], we note that

H (I)(Pp) e- IDt "'" _l_ei(/Jp-Ch)
I (Pp )1/2

(35)

and thus observe that this integral represents also outward radially propagating waves
which decay as p - (1m.

On the other hand, the second integral containing the Kn functions does not represent
waves which propagate in the p direction but merely an exponentially decaying displace
ment pattern (see eqns 31)

These observations now permit us to explain the phenomenon of increasing radial
penetration due to the dynamic effect. It has been previously observed that the static
response, given by eqn (31) is represented solely by integrals containing Kn functions which,
as has just been noted, describe non-propagating exponentially decaying displacement
patterns. Consequently since the static response for relatively large values ofp is necessarily
small, it follows that the corresponding dynamic response, consisting partially of radiating
waves (which decay only as p -tli21), will necessarily always produce amplification factors
which increase with the radial distance p.
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APPENDIX
Evaluation of the integrals appearing in eqns (26) and (28)

The right-hand integrals appearing in eqns (26) and (28) must be integrated over the infinite domain
I ~ " < 00. Recognizing that the integrands represent ratios of the K. functions. a prescribed value" ="0 is
chosen such that the infinite range is separated into two regions: I ~" <"0 and "0 ~" < 00. In the latter region
the integrals can be integrated asymptotically by making use of the asymptotic relations for K•. To this end let
the various integrals be written as

where

(AI)

In the above.

Sal - f'" {cos (n~,,)}
.J< - .. x.itl, p) sin (n~tI) dtl (A2a. b)

(A3)

tWe note in passin~ that the second !ntegral of eqn (33) ~rese~ts the contribution of waves of decreasing
wave lengths and which lead to the high value of v occumng In the neighborhood of the applied load.
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The finite integrals S~~ are then integrated by an appropriate numerical scheme (e.g. Simpson's method). If
x is chosen sufficiently large, then Kn(x) can be represented by[S]

where

K.(x) - ..j(1t/2x)e- '[I + a,/x + b,jx 2 + ...] (Ma)

4n'- I
a=--, S'

(4/1 2 - 1)(4n 1 - 9)
b, == ---1'-'2S--- (A4b)

Using these asymptotic expansions and retaining the Iirst few terms, the asymptotic representatIOn of Xn.' valid
for '10 - I ~ I/O are immediately determined. The integrals S~~ may then be evaluated analytically or an upper
bound of the value of S~~ may be established. Performing the integrations, the final results are given as follows:

where

JlV~,/;) == _~[S,O)+s,m]e-4lt (n == I,k =0) (A5a)

(A5b)

where

aUrli 0p (P, /;) == -; [S~+ S~)] e - Kh (n == 2, k == 0), (A6a)

where

In the above

!

p -(1/2) . 1
s~ < -11.- e - h {(p - I) cos (0/;'70) - /; SID (0/;'70)} :

\

p-O(2){('10- 1)1'0+1}. I
S~:)< -- 12(1 e-h{(p -1)SID(O/;'1o)+i; cos (0i;'70)} .

• A. ('70 - I) .

(A6b)

(A7a)

(A7b)

h ==(p -1)('70-1)0. (AS)

It is observed that an upper bound has been established on the remainders thus demonstrating the
convergence of the integrals for all p > I. An appropriate choice of '10 will then give a prescribed accuracy to
the solution.


